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A~traet--This paper gives a detailed account of the authors' mathematical model of thrombopoiesis 
regulation. A special feature of the model is the consequent use of Von Foerster's partial differential 
equation for the description of age-structured compartments, where regulation effects are built into the 
Von Foerster growth coefficient. For the computer solution of the model equations--which include 
ordinary as well as partial differential equations---the authors developed an approximation scheme. 
Results of computer simulation of the model are also presented. 
1. INTRODUCTION 
The mechanism of thrombopoiesis regulation is significantly less explored than other lines of 
haemopoiesis (e.g., regulation of erythropoiesis). Recently some efforts have been made to describe 
the process mathematically, so that additional information can be obtained through the mathe- 
matical model. Gumowski and Souriac [1], Wichmann et al. [2] and Marchuk [3] each proposed 
a different system of differential equations with delay mainly including the model compartments 
of (committed) stem cells, megakaryocytes, platelets and thrombopoietin. As the transit imes for 
the committed stem cell, megakaryocyte and platelet pools are not negligible in the underlying 
regulation process, taking into account the age structure of these populations should be important. 
For the mathematical description of the change of age distribution of a population the most 
widely accepted model is the McKendrick-Von Foerster partial differential equation (see the papers 
in Ref. [4]). 
Concerning thrombopoiesis, this equation was used by Wichmann and Gerhardts [5] for the 
subsystem consisting of platelets in spleen and in circulation. 
In this paper we describe and investigate a new model of thrombopoiesis based on the Von 
Voerster approach. Preliminary description of the model and some results of our mathematical 
investigations were reported previously [6,7]. Compared with the above mentioned, our model has 
the following distinguishing features: (1) consequent application of the Von Foerster equation for 
the growth/death processes involved (committed stem cell proliferation, megakaryocyte maturation 
and platelet destruction); (2) accounting for the inhibitory effect of chalons (deriving from 
destructed platelets) on the megakaryocyte growth process and (3) instead of affecting only input 
our output rates we assume that the thrombopoietin stimulation and chalon inhibition are in effect 
during the whole period of transit hrough the corresponding destination compartment, 
The arrangement of the paper is the following. First, the model is described including the 
hypotheses used and the model equations et up. Then, in Section 3, the approximation of the 
model equations will be considered, which was used for the numerical solution. Section 4 deals with 
the computer simulation of the model, containing some simulation results. 
The mathematical results obtained for the model equations, which include boundedness of
solutions, asymptotic stability of equilibrium, will be exactly stated and proved in Part II of this 
paper [8]. 
2. MODEL DESCRIPTION 
The process of thrombopoiesis may be sketched briefly and simplified as follows. Some of the 
pluripotent stem cells in bone marrow become committed in the thrombocyte line. These cells begin 
proliferating and after some (3-5) mitoses they enter maturation phase. At the end of this latter 
phase, mature megakaryocytes fragment into platelets and move into the blood. Apart from those 
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Fig. 1. Schematic of thrombopoiesis model [signification of arrows: . . . .  > and - - - - - ,  simulating and 
inhibitory control (respectively); =,. and --, mass flow with the indicated absolute or relative rate 
(respectively)]. 
in circulation, a significant amount of platelets is being stored in spleen and there is a permanent 
exchange of platelets between these two compartments. Committed stem cell proliferation and 
megakaryocyte maturation is stimulated by the hormone thrombopoietin the formation of which 
is controlled by the circulatory platelet number. 
In addition, the inhibitory effect of "chalons" formed of destructed platelets on megakaryocyte 
maturation has been demonstrated, aswell [9]. 
The schematic of our six-compartment model of the process can be seen in Fig. 1. Table 1 
summarizes the notations used in the model. The main hypotheses used in setting up the model 
are, in the order of the individual compartments, as follows. 
The committed stem cell pool is characterized at any instant t by an age distribution function 
c(a,t) so that the total number of cells is 
f0 ~c 
C(t) = c(a, t) da, (1) 
where Tc is the proliferation time. We assume that proliferation obeys the growth law of Von 
Foerster's partial differential equation 
0 0 
~aC(a,t)+~c(a,t)=?c(r(t))c(a,t) ,  as[O,~cl, t>~O, (2) 
where the relative growth coefficient 7c is a nonnegative monotone increasing function of 
thrombopoietin level, T(t), thus representing the stimulation effect of thrombopoietin. We assume 
further that there is a negative feedback of the total committed stern cell number to the rate at 
which stem cells become committed, so we have the boundary condition 
c(O, t) = • (C(t)), (3) 
where ~ is a nonnegative monotone decreasing function. Stem cells that are descendants of one 
that became committed ~c time before leave this compartment and enter the megakaryocyte pool. 
For the megakaryocyte pool we assume that maturation has a duration zM and the cytoplasm 
of megakaryocytes grows at the relative rate yM(T(t),K(t)), ~ depending monotone increasingly 
(stimulation) on thrombopoietin's (T(t)) and decreasingly (inhibition) on chalon's (K(t)) amount. 
(The inhibitory effect of chalons on megakaryocyte mass growth was reported by Krizsa et al. [9]). 
Table 1. Summary of the notations used in the model 
Age 
distribution Transit Relative Change 
Compartment Total size function time Birth/input/rate growth coef. due to diffusion 
Committed stem cells C(t )  c (a J )  r c c (O , t )=ot (C( t ) )  7¢(T( t ) )  - -  
Megakaryocytes M(t )  m(a , t )  r M m(O, t )  = c(r¢, t) ~,M(T(t), K ( t ) )  - -  
Platelets in blood P j ( t )  p t (a , t )  re pt(O,t )  = m(ru , t )  - A ~I2P2(t) -- 221 P l ( t )  
Platelets in spleen P2(t) p2(a,t  ) re Pz(O,t ) =0 -2  g2l Pl (t ) -- 212 P2(t ) 
Chaion K( t )  - -  - -  ~2 {~.Pi ) +( t  pl(~p,t)} - I~t¢ - -  
Thrombopoietin T ( t ) - -  - -  ~ ( P i ( t ) ) - I~ r - -  
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Similarly as above, the age distribution of megakaryocyte mass, m (a, t), is assumed to be described 
by the Von Foerster equation 
a---dm(a,t) +-~m (a,t) = yM(T(t),K(t))m (a,t) a e[0,Tu] t I> 0, (4) 
with 
~0 M M(t)  = m (a,t)da. (5) 
The input rate into this compartment is given by the output rate of the committed stem cell pool, 
i.e. 
m(O,t) = C(Zc, t), t >t O. (6) 
The circulatory and splenic platelet compartments have the total sizes 
P~(t)= p~(a,t)da and P2(t)= p2(a,t)da (7) 
(respectively), in terms of their age distributions, where ze is the physiologic life span of platelets. 
In addition to physiological death, like in Wichmann and Gerhardts [5], an age independent loss 
at a constant (relative) rate 2 is also assumed. Furthermore, there is the diffusion between the two 
platelet compartments with outflow rates 212 and 421. Introducing the vector notation p(a , t )= 
[Pl (a, t), P2 (a, t)] r, the above assumptions can be translated into the two-dimensional Von Foerster 
equation 
t~--~p(a,t)+~tP(a,t)=Ap(a,t),  ae[O, ze], t>10, (8) 
where A is the 2 x 2 compartmental matrix 
A=[  - (221 + 2) 22 ' ]  
221 - (412 + 4) " 
Individual terms in equation (8) are explained in Table 1. In particular, we assume the input rate 
is given by the output of megakaryocyte pool (into the blood) as 
p(O,t) = [m(~oM' t)], (9) 
which implies the implicite assumption that megakaryocytes are measured in the unit of their 
"platelet content". Accordingly, committed stem cells are assumed to be measured so that one unit 
of them produces one unit of platelets, under normal conditions (steady state). (This is, of course, 
a very simplifying assumption which ignores biologic variability, but we suppose that on an average 
it provides a sufficiently good approximation.) 
Chalons deriving from destructed platelets are measured so that destruction of one unit of 
platelets produces one unit of chalons. Then the rate of input into the chalon compartment will 
equal the output rate of the platelet compartments, including both random loss and physiologic 
death of platelets. Assuming linear elimination kinetics, the chalon amount K(t) is described by 
the equation 
/((t) = [2Pl (t) + 2P 2 (t) + P l (ze, t) + P2 (zp, t)] -- #x g (t), t >/0, (10) 
where #x is the elimination rate constant. 
The formation of thrombopoietin is controlled by the circulatory platelet number P~ (t) so that 
increase in P~ (t) leads to decrease in thrombopoietin formation rate q~(P~ (t)), thus q~ is assumed 
a monotone decreasing function. Assuming again a linear elimination, the thrombopoietin 
compartment is described by the equation 
I " ( t )=~(P~(t ) ) -#rT( t ) ,  t>10, (11) 
where #r is the elimination rate constant. 
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Now we have the set of equations that describes how the considered system changes in time. 
At any instant the state of the system is characterized by the state vector 
x, = [c,, m,, Pt, K(t), T(t)], (12) 
where c,, m, and Pt are the age-distribution functions of the relevant compartments defined by 
c,(a) = c (a, t), mr(a) ~- (a, t) and p,(a) = p(a, t). To obtain a unique solution over the period [0, oo) 
for x, we have to prescribed the initial state x0 which the system starts from. 
To complete the description of our model we have to specify the control functions a, 7c, 7u and 
¢~ used in modelling inhibition or stimulation effects. We propose the following parametric forms 
for the control functions 
a (x) = Asexp( - Bsx) + Cs ~(x) = Aeexp( - Bex) 
7c(X) = Ac + Bcx 7M(x,y) = AM + BMX + CMexp( -- DMy ) (13) 
with positive parameters. 
3. APPROXIMATION OF THE MODEL 
Now, we describe how the above presented model equations, especially the Von Foerster 
partial differential equations, can be approximated by an enlarged system involving only ordinary 
differential equations. 
The idea is to divide the aging populations into series of small compartments representing small 
age intervals. 
We describe the method in detail only for the first compartment, the committed stem cells. Let 
N > 0 be a natural number, hc = ~c/N and denote by Ci(t) the number of committed stem cells 
in the ith age interval [( i -  1)hc, ihc] at time t, that is, 
I ihc 
Ci(t) = c(a,t)da, i = I,N. 
d (i- I)h C 
Differentiating with respect o t (') and using the Von Foerster equations (2) we find that C;(t) 
satisfies the ordinary differential equation 
~i(t) = c((i - 1)hc, t) - c(ih c, t) + 7c(T(t))Ci(t). (14) 
(Remark. for N = 1, hc = Tc, this is the "integrated Von Foerster equation ".) 
Now making use of the approximation Ci(t)~hcc(ihc, t), i= l ,N  and denoting 
C0(t): = hc c (O,t) we have the approximate equations 
~,(t) ~ ~ [C,_I (t) - Ci(t)] + 7c(T(t)) C,(t). (15) 
The same approximation results, if one first approximates the Von Foerster equation at a = ihc 
substituting (d/~a)c (ihc, t) by the backward ifference quotient [c(ihc, t) - c((i - 1)hc, t)]/hc and 
then makes use of the approximation C~(t)~, hcc(ihc, t). This latter approach corresponds to the 
method of  lines in partial differential equations [10] for which convergence theorems (N -~ oo) have 
been proved. 
In the approximate model we approximate C~(t) by ~(t), C(t) by (~(t), which are now defined 
by 
1 
~i (t) = hc [Ci-i (t) -- ¢~,(t)] + 7c(iF(t))~(t), 
f ihc N 
~i(O) = co(a)da, ~( t )= ~ Ci(t), (16) 
d(i- 1)h c i = 1 
i=  1,N, ~o(t)=hcOt(~(t)), 
where iF(t) is the approximation f T(t). A picture of this part of the approximate model is shown 
in Fig. 2. 
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Fig. 2. Approximate model for the committed stem cell pool (signification ofarrows is the same as in 
Fig. I). 
The remaining part of the model is approximated in a completely similar way. The approximate 
model equations obtained are 
1 
M'(t)  = ~ [Al"- ' (t) - 2~r'(t)] + 7M(T(t),/~(t)) ffli(t) 
I'hM 
A~r'(0)= mo(a)da, i= l ,N ,  hM=ZM/N 
d( i -  I)h M 
A~r(t) = ~ A~r'(t), ~r°( t )= hM C'N(t) 
i=l 
1 [P'-'(t) - -  l$'(t)] + A ~'(t) fS (t) = hp 
~(0)  = P°(a)da,  i = 1,N, hp = zp/N 
3(i- ,)he 
P(t) = ~ P'(t), P°(t)= (.h/h M#ft)  
i=l 
1 
~(t)  = 2[P,(t) + ff2(t)] + flee (P~(t) + P~(t)] - #x/((t)  





The above approximation has some nondesirable properties. For instance, it will be shown in 
Part II [8], that under some size conditions on the model parameters, olutions tend to a unique 
positive equilibrium state for t--+ oo. On the other hand, this may not be true for the above 
approximating system if the number N of age intervals is not large enough. For example, the 
equilibrium equation for (~i is 
1 
0 = hc (Cil - -  C i )  ~ ~c(T)~,  • 
Supposing the equilibrium values ~* > 0(i = 1 =,  N), and ~7" = 7c(T*)> 0 exist, we get 
= (1  - C*_,, 
which yields negative values if 1/h c = N/zc < ~*. 
Even if the number N is large, the equilibrium values ~*,/~r. . . . .  for the approximate system 
will differ, in general from the corresponding values C*, M* , . . . ,  for the original model. Then the 
approximation may behave badly at large time values. These drawbacks can be avoided, however, 
using the following transformation technique. Again, it will be described only for the committed 
stem cell compartment; he other age-structured compartments are treated analogously. 
Let x* = (c *, m *, p*, K*, T*) be the positive equilibrium state of the original system (1)-(11), where 
c*, m*, p* are the equilibrium age distributions and denote 
I: C* = c*(a)da, 
(M* and P* are defined analogously). Consider the following 
distribution function 
?(a,t) =- exp( - ay*) c(a,t), where 7" = yc(T*). 
transformation of the age 
(20 
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Then by formal differentiation one can verify the partial differential equation 
e (a, t) + ~ e(a, t) = (yc(T(t)) - ~*) 6 (a, t) (22) 
and one also has 
~(0, t) --- c(O,t) 
and 
C(t) = exp(ay*)e (a, t) da = exp(ay*) e(a, t) da. (23) 
i = 1 J ( i -  l)h C 
Now applying the previous approximation scheme for the equation (22) we obtain the 
approximating system 
C,(t) = ~ (12,-1 (t) - 12,(t)) + (Yc(T(t)) - 7") 12,(t) i = 1,N. (24) 
Here C(t) is approximated by 
12(t)= ~ I i*c exp(y*a)112,(t)da (25) 
i=  I d ( i -  l)h c hc 
and the boundary and initial conditions are chosen as 
12o (t) = hcoe (12 (t )) (26) (f c ) 
12`.(0) = hc | c°(a)da exp(ay*) da , i = I,N, (27) 
J ( i -  1)h C \ J ( i - -  l)h c 
so that the initial condition satisfies 
I 12 (0) = c°(a) da = C(0). (28) 
do 
Now we show that 12 satisfies the same equilibrium equation as C itself. The equilibrium values 
12" of 12,. satisfy 
1 
0 = ~ (12,*-1 - 12,) 
implying 
12*=12g'=hc~(12*), i= l ,N ,  
hence 
= exp(ay ¢) ~ 127 da = ~ (12 *) exp(ay ~) da. (29) 
i=  1 d (i - I )h c 
However, C* satisfies the same equilibrium equation, as shown in Part II of this paper [8]. 
Concluding this section we remark that the approximation scheme presented can of course, be 
used with different number of age-intervals (N) for different aging compartments in the model. 
4. COMPUTER SIMULATION OF THE MODEL 
A computer program in FORTRAN language has been written for the simulation of our 
thrombopoiesis model presented in Section 2. The model was approximated by an enlarged system 
of ordinary differential equations according to the approximation scheme combined with the 
transformation using equilibrium values as described in Section 3. For the numerical integration 
of the resulting ordinary differential equations the program RKF 45 [11] implementing the 
Runge-Kutta-Fehlberg method was adapted. 
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Fig. 3. Simulated curves of thrombopoiesis kinetics: (A) thrombocytosis; (B) thromboeytopenia (curves: 
(--) C(t)/C*; ( - - - )  n(t)/M*; ( . . . . .  ) P,(t)P*; ( - - - )  K(t)/K*; (...) T(t)/T*). 
The control functions in the model were chosen according to formulas (13). In choosing the 
model parameter values the problems arose that the simulation of a normal thrombopoiesis k netics 
required the knowledge of the "normal values" of the parameters. Based on data from the medical 
literature, parameter values were chosen to obtain a good agreement with the relations 
Zc= 150, Zu=70, ze=240, (hours) 
exp[zc~c(T*)] = 2 4 
[committed stem cells undergo 4 mitoses on average under normal conditions (steady state)] 
exp[zu ~u (T*, K* )] = 4000 
(one megakaryocyte produces 4000 thrombocytes in the mean) 
Viler = 1/3 
( = ratio of splenic and circulatory platelet-size under normal conditions), where the asterisk refers 
to equilibrium (steady state) values. 
Up to the degree freedom left after fulfilling the above conditions, the choice of parameter values 
was somewhat arbitrary. 
Figure 3 shows two outcomes of the simulation of the kinetics of a system removed from its 
equilibrium state. Case (A) shows the simulated cures of a thrombocytosis caused by instantaneous 
input of platelets while case (B) concerns temporary thrombocytopenia resulting from platelet loss 
at the instant = 0 (splenic platelets are omitted from the diagrams). The state variables were all 
normed by their equilibrium values. 
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